REPUBLIC OF AZERBAIJAN

On the rights of the manuscript

ABSTRACT

of the dissertation for the degree Doctor of Philosophy

INVESTIGATION OF THE SOLUTION OF CAUCHY AND
BOUNDARY VALUE PROBLEMS FOR THE SECOND
ORDER DIFFERENTIAL EQUATION WITH THREE

DISCRETE DERIVATIVES

Specialty: 1211.01 — Differential equations
Field of science: Mathematics
Applicant: Vusala Sabir kizi Sultanova

Baku — 2022



The work was performed at the department of Mathematics and
Informatics of Lankaran State University.

Scientific supervisors: Doctor of Mathematics Sciences, professor
Nihan Alipanah oglu Aliyev
Doctor of Mathematics Sciences, professor
Natig Sahrab oglu Ibrahimov

Official opponents: Doc. of Mat. Sc., professor
Rafik Qalandar oglu Tagiyev

Doctor of Mathematics Sciences
Yusif Soltan oglu Gasimov

Cand. of Phys. Math. sci., ass. prof.
Tofik Movsum oglu Aliyev

Dissertation council FD 2.17 of Supreme Attestation Commission
under the President of the Republic of Azerbaijan operating at Baku
State University.

Chairman of the Dissertation Council:
Full member of ANAS, Doc. of Ph.-Math. sc., professor

Magomed Farman oglu Mekhdiyev

Scientific secretary of the dissertation council:
Doc. of Sc. in Mech., ass. professor

Laura Faik kizi Fatullayeva

Chairman of the scientific seminar:
Doctor of Math. Sciences, professor

Yagub Amiyar oglu Sharifov

2



GENERAL CHARACTERISTICS OF THE WORK

Actuality of the research theme and degree of processing.
Mathematical models of almost many natural phenomena, chemical,
biological and medical phenomena are reduced to problems posed for
ordinary differential equations or differential equations with partial
derivatives. This is mainly the Cauchy problem, mixed and boundary
problems. These questions are dealt with in courses on ordinary
differential equations, equations of mathematical physics and partial
differential equations. For ordinary differential equations, the Cauchy
problem and boundary problems were considered, and for partial
differential equations, the Cauchy problem, mixed and boundary
problems.

For partial differential equations, problems were mainly
considered for equations of three types, for equations of hyperbolic,
parabolic and elliptic types. For equations of hyperbolic and
parabolic types, the Cauchy problem and mixed problems were
considered, and for equations of elliptic type - boundary value
problems. The canonical form of a hyperbolic type equation is the
string oscillation equation, the canonical form of a parabolic type
equation is the heat equation, and the canonical form of an elliptic
type equation is Laplace's equation.

For ordinary differential equations, the number of conditions in
the problems under consideration must be equal to the order of the
equation. In the Cauchy problem, the number of initial conditions,
and in boundary problems, the number of boundary conditions must
be equal to the order of the equation.

In partial differential equations, the number of initial
conditions is equal to the order of the time derivative in the given
equation, while the number of boundary conditions (if the number of
phase variables is greater than one and the boundary is a smooth
region) is equal to half the order of the derivative with respect to the
phase variables. So, if the Laplace equation is a differential equation
with a second-order derivative, then it is considered that one
boundary condition has already been set. This is either the Dirichlet
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condition, or the Neumann condition, or the Poincare condition.
These conditions are called local conditions. Since the biharmonic
equation is an equation with a fourth-order derivative, two boundary
conditions are given. Therefore, in equations of mathematical
physics and equations with partial derivatives, boundary problems
are mainly considered for equations with pair derivatives.

The Cauchy-Riemann equation is a first order elliptic type
equation. Then in what form should the boundary value problem be
considered for it in order for the problem to be a proper Fredholm-
type problem.

It is shown that if we consider the Cauchy-Riemann equation in
a region of a plane with a smooth boundary, then, by dividing the
boundary into two regions, for the Cauchy-Riemann equation, the
condition of a non-local boundary obtained by adding the values of
the desired function in these parts is sufficient. That is, within a non-
local boundary condition defined in this way, the problem is of the
Fredholm type. In other words, the problem within the non-local
boundary condition, given for the Cauchy-Riemann equation with the
division of the boundary into two parts, is reduced to a system of
integral equations of the Fredholm type of the second type without a
singularity in the core in the normal form with respect to the
boundary value of the function determined using the values obtained
in the work necessary conditions.

The analysis that we go through in secondary schools and
universities is an additive analysis, that is, the derivative of the sum
is equal to the sum of the derivatives, and the integral of the sum is
equal to the sum of the integrals. There is an additivity property here.
Despite the fact that multiplicative analysis appeared in the last
century (in Gantmakher's book "Theory of Matrices" the
multiplicative derivative, multiplicative integral and their simple
properties are given), problems for equations with a multiplicative
derivative began to be considered only now.

The terms “perative derivative™ and "perative integral™ were
given by Professor N.A. Aliyev. Since seven algebraic actions are



not enough for this, it is necessary to establish a new direct action
and a new reverse action.

The discrete form of additive analysis has been known for a
long time. They are called equations with differences. Problems for
discrete multiplicative and discrete verifiable equations were
considered by N.A. Aliyev. Among the students of N.A. Aliyev:
problems for differential equations with discrete additive and discrete
multiplicative derivatives are found in the works of O.L. Gasanli and
T.S. Mamieva, ordinary differential equations with discrete additive,
discrete multiplicative and discrete equations) - in the works of A.M.
Mammadzade, and, finally, problems for differential equations with
ordinary and partial derivatives with these three discrete derivatives -
in the works of the author of this work - V.S.Sultanova.

If we write the arbitrary equation considered here as an
equation with explicit differences, we will see that the resulting
equation is a very complex nonlinear equation. In all cases under
consideration, the author managed to obtain an analytical expression
(an explicit solution expression) for solving the problem. This
determines both the relevance and the degree of study of the work.

Object and subject of research. Usually, in cases where it is
difficult to study the solution of continuous problems, the problem
posed is discretized, the resulting system of algebraic equations is
solved, and the step considered in the solution is transferred to the
limit by approaching zero, which makes it possible to arrive at a
certain result for solving continuous problems.

Here our goal is to study discrete mathematical models.
Basically, the Cauchy problem and boundary value problems have
been considered for non-linear equations, both for ordinary
differential equations and for partial differential equations.

Purpose and objectives of the study. The main goal of the
dissertation work is to obtain an analytical expression for the solution
of the Cauchy problem and boundary value problems for the
considered very complex nonlinear equations. So, first, the general
solution of the equation under consideration is determined, which
consists of certain arbitrary constants or arbitrary sequences (in the
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case of multidimensionality). Then, arbitrary constants or sequences
included in the general solution are determined using given initial or
boundary conditions.

Research methods. It is known that Euler defined the function
e* invariant with respect to the additive derivative, and then the
function €. Using this function, he algebraized a linear
homogeneous differential equation with a constant coefficient. That
IS, he compared the differential equation with an algebraic one
(characteristic equation). Then a general solution for the equation
was constructed and an analytical expression for solving the
problems was obtained. Here also the method already known in these
differential equations for the ordinary differential equation and the
partial differential equation with a discrete derivative was used.

Basic provisions for defense. The dissertation defended the
following main provisions:

1. Statement of the adjoint problem and determination of the
condition of self-adjointness of the considered boundary value
problem for ordinary differential equations with discrete additive
derivatives;

2. obtaining analytical expressions for solving Cauchy
problems and boundary value problems for a first-order differential
equation with discrete additive and discrete multiplicative derivatives
that are linear in derivatives (in fact, non-linear);

3. obtaining analytical expressions for solving (polynomial)
Cauchy problems and boundary value problems for ordinary
differential equations with a second discrete derivative;

4. Obtaining analytical expressions for solving the Cauchy
problem and a boundary value problem for a two-dimensional second
order differential equation with discrete additive, multiplicative and
differential derivatives.

Scientific novelty of the research. The following scientific
novelty was obtained in the dissertation work.

1. For differential equations with a discrete additive derivative,
the construction of an adjoint problem to the boundary problems of



M.A. Naimark, posed for ordinary differential equations, was carried
out (for equations with differences).

2. The solution scheme given by L. Euler for ordinary
differential equations was carried out for equations of the first and
second order with ordinary discrete additive, multiplicative and
povertive derivatives.

3. An ordinary differential equation with a discrete
multiplicative and discrete first-order derivative was considered,
where the study of the solution lacks the known seven algebraic
actions, and therefore, it is necessary to define a new direct and a
new inverse action. This action (direct action) is the action of
exponentiation, its inverse action is the action of the new logarithm.

4. For the first time, in this dissertation work, the Cauchy
problem and boundary value problems for multidimensional
differential equations with discrete additive, multiplicative and
commutative derivatives were considered. To solve the problems
under consideration for two-dimensional differential equations of the
second order, analytical expressions were also obtained, as well as
for ordinary differential equations.

Theoretical and practical significance of the study. A
dissertation work of a theoretical nature can also be used to obtain an
approximate solution. These topics are taught to masters at the
Department of Mathematical Methods of Applied Analysis at the
Faculty of Applied Mathematics and Cybernetics of Baku State
University.

Approbation and application of the work. The main
provisions of the dissertation work were regularly reported at the
seminars of the Department of Mathematics and Informatics of
Lankaran State University, as well as at the following scientific
conferences: XXXV International Conference Problems of decision
making under uncertainties (PDMU-2020), XXXVI international
Conference Problems of decision making under Uncertainties
(PDMU- 2021) and the Republican scientific and practical
conference of young researchers on the topic "The impact of the use



of modern teaching technologies on the quality of education™
(Lenkoran State University, 2019).

Personal contribution of the author. In the works (in articles
and materials of conferences) the author solved the tasks set. The
author is responsible for obtaining the results.

Publications of the author. The main results of the
dissertation were published in 9 papers, including 6 articles, 3
conference proceedings and they are listed at the end of the abstract.

The name of the institution where the work was performed.
The dissertation work was done at the Department of Mathematics
and Informatics of the Lankaran State University.

The total volume of the dissertation, indicating the volume
of structural units of the dissertation separately. The dissertation
work consists of an introduction, three chapters, a conclusion and a
list of references. Introduction - 24 pages, 31840 characters, Chapter
| - 21 pages, 17704 characters, Chapter Il - 25 pages, 24884
characters, Chapter Ill - 32 pages, 25992 characters, conclusion - 2
pages, 406 characters. The total volume of the dissertation is 110
pages, 132750 characters.



THE CONTENT OF THE WORK

In the introduction of the dissertation work, it is narrated about
the way of solving discrete problems. Since these discrete problems
are based on continuous problems, much space in the introduction is
devoted to the stages of development of continuous problems.

Then the transition to discrete problems was carried out and the
development of this area of mathematics was shown step by step.

Note that discrete events are poorly understood. Thus, well-
known discrete phenomena are the determination of the general limit
of the number series, the determination of the general limit of the
geometric series, and the determination of the general limit of the
Fibonacci sequence, showing the order of reproduction of rabbits.

The mathematical model for finding the general limit of a
number series is reduced to the Cauchy problem for an ordinary
differential equation with a first-order discrete additive derivative,
the mathematical model for finding the general limit of a geometric
series is reduced to the Cauchy problem for an ordinary differential
equation with a first-order discrete multiplicative derivative, and
finding the general limit of the Fibonacci sequence - to the Cauchy
problem for an ordinary differential equation with a discrete second-
order additive derivative.

The first chapter of the thesis work, consisting of two parts
starts with

ZYn=yr(L/)+ayn=fn'osn<Na (1)

Yn +ay, = 0. (2)
boundary value problem.
Adjoint problem to this boundary value problem is obtained

as
'z, = (a—l)z,g/)+azn=gn,OSn<N (3)
azy + Zy = 0. (4)

Here f, and g, are given sequences, a and a are given fixed
numbers.



The self-adjoint condition for the given (1) to (2) problem is as
follows:
a=2a=1. 5)

The results obtained in two theorems can be given as follows.

Theorem 1. If a, « are given real numbers and f,, is a given
real value sequence, then adjoint problem in (1) — (2) is in the form
of (3) — (4), and a = 2, and a = 1 is the self-adjoint condition of (1)
—(2) problem.

Then, this chapter considers

=y +ay? + by, = f,,0<n <N -2, (6)
T ©
Yn-1+By1 =0,

boundary value problem. Adjoint problem to this problem is obtained
as

'z, =1 —-—a+ b)zg > +(2b — a)zr(l ) + bz, = gn,
0<n<N-2 (8)
{,B(a —2)zy + Bzy_1 +2, =0, 9

az, +(a—2)z; +z, =0, ©)

and here a, b, and g are given real constants, f,, and g, are given

real value sequences. The self-adjoint condition for (6) — (7) problem
is as follows:

a=b=2a=0=1, (10)

The result obtained here can be given as follows:

Theorem 2. If a, b,a and S are given real numbers and f,, is a
given real value sequence, then adjoint problem to (6) — (7) is in the
form of (8) — (9), and the self-adjoint condition of this problem is in
the form of (10).

Here £, and g, sequences don’t have any effect on the adjoint
problem. The third chapter consisting of three parts firstly considers

v +ay —ayi=0n>0 (1)
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equation, here a is a given real number. The general solution of (11)
equation within the condition of

Yo #C, (12)
is as follows:
y, = a? " 1y2" n >0, (13)
If the initial condition of
Yo = X, (14)

is added to (11) equation, here x is a given real constant, then the
solution of (11), (14) Cauchy problem is as follows:

Yo =a? ¥, n >0, (15)
If a boundary condition is added to (11) equation
Yeh =7, (16),

here a, 8 and y are given real constants. The non-single solution of
this boundary value problem is as follows:

a+p2N . 2mk
Yt = a1 - a~P@N-De'arpaN |2 ey, (17)

and the real solution is single and is as follows:

271
y, = azn_l(ya_B(ZN_l))“B'zn, (18)

The result can be stated as follows.

Theorem 3. If a, a, B, y and x are given real constants,
then the general solution of the (11) equation within the (12)
condition is as (13), here y, is arbitrary constant. In this case, the
singe solution of (11), (14) Cauchy problem is as (15), and the non-
single solution of the (11), (16) boundary value problem is as (17),
and the single real solution is as (18).

The equation considered in the second chapter is a second-
order discrete additive and multiplicative derivative

Wy P2 () D=yl 4+ 1] + 5 = fin 2 0,09)
equation, the general solution of which is as follows:

m—1
Yoam = Yo 1_[(1+f2k) m=1, (20)
k=0
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m-—1

Yom+1 = Y1 1—[(1+f2k+1) ,m=1, (21)
k=0
If
yoza,ylzﬁ, (22)
initial conditions or
yozaﬁyNzﬁﬁ (23)

boundary conditions are given for this equation, then the following
result can be obtained.
Theorem 4. If f,, is a given real value sequence, and « and 8
are given non-zero real constants, then the general solution of (19)
equation is given by (20), (21), thus y, and y, are arbitrary constants.
In this case, there is a single solution to the (19), (22) Cauchy
problem, and this solution is as follows:
{ Yom = a[lice (L + for) ,m =1, (24)
Vomsr = B IS0 (1 + fore1) ,m 21,

if N = 2s+1, then the solution of the (19), (23) boundary value
problem is as follows:

Yom = aH"]glz_Ol(l + ka) ,ym = 1;
Vi = e
1 i_:%)(1+f2k+1) ’ (25)

B
ky2m+1:HS+1 leI

rem(1+f2ke1) !

if N = 2s, then the solution of (19) equation within

Yo=a,yy=p, (26)
boundary conditions is as follows:
Yo= b
O 7 MEZb(+f20)
Yoms1 = @ [lico (L + forsr) » m =1, (27)
B
- —_— > .
k Yan+1 i_:%)(1+f2k+1) m=1
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The last problem of the second chapter is for

oyl

_ Y =yt,n=0, (28)
equation.

The seven algebraic operations we know are not enough to
obtain a general solution to this equation. Therefore, for the general
solution of equation (28), the following statement is obtained using
the new direct operation "exponentiation from side" and the new
inverse operation "new logarithm™ operations

A+"
Yn =Y, ,n=>1,keN, (29)
in which y, is an arbitrary constant.
If
Yo = &, (30)

boundary condition is given, then the solution of (28), (30) Cauchy
problem is as follows:

a+p"
yw=a ¥ n=1keN, (31)
If
YR=Ye =V, (32)

boundary condition is given, then the following result can be
obtained:

Theorem 5. The general solution of the first order ordinary
(28) equation with discrete multiplicative and poverative derivatives
IS as (29), since y, is an arbitrary constant, the solution of the (28),
(30) Cauchy problem is as (31), if a, 8 and y are positive numbers,
the non-single solution of the (28), (32) boundary value problem is as
follows:

a+p"
Yam = Yom =~ N=1LkENmMm €Z, (33)
thus, the real solution of
_r . 2mm
1 |l
Vom = y“(1+E)N+B e a(1+%)N+B meZ, (34)

(28), (32) boundary value problem is single and is as follows:
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a+p™
In =Y .

Finally, the third chapter of the thesis work devoted to the
research of the solution of multidimensional problems consists of six
parts, and here three Cauchy and three boundary value problems for
the second order two-dimensional differential equations with discrete
additive, multiplicative, and poverative derivatives have been
considered.

In the first and fifth parts of this chapter, we obtain

DYy = frmm = 0,1 20, (35)
second order two-dimensional differential equation with a discrete
additive derivative with respect to the first variable (argument), and
with a discrete multiplicative derivative with respect to the second
variable within

Yon = Qo 2 0; Yso = @50,5 2 0; (36)
initial condition or by considering (35) equation within 0 < m <
M;0<n<N

{yMn:ayOn-l'(pn:OSnSN, (37)

YmN = bYmo + Y, 0 Sm < M,
boundary conditions.
Theorem 6. If f,,,m>0,n>0, is a given real value
sequence, then the general solution of the (35) equation is as follows:

m-—1 n-1
Ymn = Yon + z (Dl(/))’so) Hfsk,m = 1;n = 1: (38)
s=0 k=0

thus, y,, and y,, are arbitrary sequences, if a,, and a, are given
real value sequences within (36) initial condition, then the solution of
the (35), (36) Cauchy problem is as follows:

m—1 n—1
Ymn = Qon t Z (Dl(/)aso) Hfsk m=1ln=1  (39),
s=0 k=0

if a+0,a+1,b+0 are given real constants, and ¢,,0 <n <
N; Y, 0 < m < M are given real value sequences, and
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nfmkib,mzo, (40)
k=0

and

by + Yy = ay + @y, (41)
conditions are met, then the solution of the (35), (37) boundary value
problem is as follows:

1 Dy,
ymn:a_l z fsk Hﬁsp Pn|+
s=
m—1 n-—1
D(/)l/J
+ Z Ws_bnfsp- (42)
s=0 k=0 Jsk p=0

In the second and third parts of this chapter, the solution of
problems have been considered for
DDy = frmm=0,n 20, (43)
second order two-dimensional differential equation with a discrete
additive with respect to the first variable (argument), and with a
discrete poverative derivative with respect to the second variable
within
Umo = A U = Lrom =20,n >0 (44)
initial condition or by considering (43) equation within 0 < m <
M,0<m<N
{uanau0n+(pn,OSnSN, 45
Upy = bUpo + P, 0 <M< M. (45)
boundary condition. If f,,,,m >0,n >0, is a given real value
sequence, then the general solution of the (43) equation is as follows

Us+10~UsO
fso*

_u0n+z finz m=>1n>1, (46)

thus, uy, and wug, are arbltrary sequences, iIf a,,,m =0 and
Bn,m = 0 are given real value sequences within (44) condition, then
the solution of the (43), (44) Cauchy problem is as follows:
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a5+1 as

ﬁn+zs,f;"f m=lnz1,  (47)

so if ay=p, a and b are given real constants, ¢,, 0 <n <
N, Y, 0 < m < M are given real value sequences, then the solution
of (43), (45) boundary value problem within the condition of
a+1, (48)
and existence of
,-fuoSHO —Uso

fr2 = b(Usp10 — Uso) + Psp1 + s, 520 (49)

equation is as (46),

Us+10~U,
fS s+10~U%s0

fsnz _
uy, = 250 o L Pn n>1, (50)

(Us410 — Usg) IS determined from the (49) equation.
Finally, in the fourth and sixth parts of the third chapter,

DY DN = fry  m=0,n=0, (51)

second order two-dimensional differential equation with a discrete
multiplicative with respect to the first variable, and with a discrete
poverative derivative with respect to the second variable within

umosz,mZO;uOn:ﬁninZO;aOZﬁO' (52)

Initial condition or by considering (51) equation within 0 <m < M,
0<n<N (45) boundary condition, we obtain the following
judgement.

Theorem 7. Iff,,,m>0,n>0, is a given real value
sequence, then the general solution of the (51) equation is as follows:
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Us+10

.fsélso
umn:uOnﬂfS{fEf ,m=>1,n>1, (53)

s=0

m—1

here uy,and ug, are arbitrary sequence. If a,,,, m = 0and 8,,n >0
given within the (52) condition are real value sequence, and a, = f3,,
then the solution of the (51), (52) Cauchy problem is as follows:

Xs+1

m—1 f as
7 s0
umn=ﬁnﬂ]g{§z;2 m>1n>1, (54)
s=0

If the (51) equation is consideredas 0 <m < M,0 <n <N,
in this case, if a, b of (51), (52) boundary value condition are real
constants, ¢, is a given real value sequenceas 0 < n <
N ,¢¥,,,0 <m < M, then the solution of the (51), (45) boundary
value problem within the condition of

Us+10

M-1 S50
[ [ #anzo, (55)
s=0

and existence of

Us+10

=2 = logy, logy,, logy,, - logfsl\,_lM ,$=>0, (56)

Uso Uso

Us+10

equation is given as (53), here statement is given from the (56)

Uso

equation, and u,,, is given within the condition of (55) by

Pn
Uy = Yoo ,n=>0, (57)
.fS(;'LSO
l‘[M—l fsn=2 —a
5=0 Jsn-1

statement.
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CONCLUSION

For ordinary differential equations with discrete additive
derivatives, the adjoint problems to the considered
boundary value problems are constructed and the self-
adjoint condition of the problem is defined.

Cauchy and boundary value problems for ordinary
differential equations with discrete additive, multiplicative
and poverative derivatives are considered and analytical
expressions are obtained for their solution.

The ordinary first-order discrete differential equation is
considered, and the seven algebraic operations we know are
not sufficient to find a general solution. It is necessary to
define a new direct operation (exponentiation from side)
and a new inverse operation (new logarithm).

. Analytical expressions are obtained for the solution of
Cauchy boundary value problems for discrete
multidimensional equations.
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